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ABSTRACT
An outstanding problem in the study of possible kaon condensation is the glaring
discrepancy between the results of chiral perturbation theory and those of the PCAC-
plus-current-algebra approach. I discuss here what causes this discrepancy and what
needs to be done to solve the problem. In addition, I point out the importance of
examining the validity of the non-relativistic approximation <ψ¯ψ> ∼ <ψ¯γ0ψ>, an
approximation that is universally employed in the existing treatments of kaon conden-
sation.
Since the seminal work by Kaplan and Nelson1,2, kaon condensation and its pos-
sible astrophysical consequences have been a subject of intensive studies3−12. Our in-
terest in this phenomenon has received another strong boost from Brown and Bethe’s
recent suggestion13 that the significant softening of the equation of state due to kaon
condensation can drastically change the stellar collapse scenario, providing a possible
solution to the long-standing “association problem” – the puzzling paucity of neutron
stars as compared with supernova events. In my view, there are at least two major
issues that need to be investigated before a solid conclusion on kaon condensation
can be drawn. The first is that theoretical predictions vary drastically according
to whether one uses chiral perturbation theory (ChPT) or the current-algebra-plus-
PCAC approach. The second point is that all the existing treatments rely on the
non-relativistic approximation ρs ∼ ρ, where ρs =<ψ¯ψ> is the Lorentz-scalar den-
sity of baryons and ρ =<ψ¯γ0ψ> is the baryonic density. In this talk I shall address
these two issues.
∗ Invited talk at the International Symposium on Frontiers in Nuclear Structure Physics, RIKEN,
Saitama, Japan; March 1994
† Supported in part by the NSF under Grant No. PHYS-9310124.
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In the “standard” approach based on chiral perturbation1−12, the attractive
force that drives condensation is provided primarily by the K-N sigma term, and, for
typical values of ΣKN , the critical density for kaon condensation is predicted to be
ρc = 2 ∼ 3 ρ0 (ρ0 = normal nuclear density). However, the validity of this approach
has been questioned by several authors14−18. According to Yabu et al.13,14, the use
of K-N scattering amplitudes that respect the current algebra and PCAC does not
lead to kaon condensation. To clarify the origin of this discrepancy is a crucial step
in pinning down the elusive issue of kaon condensation. Very recently, Yabu, Myhrer
and I myself have shown15 that, in order to resolve this serious disagreement, one
needs to include in the starting Lagrangian itself terms that are of higher order in
density than previously considered. The following is a brief account of this latest
work15.
Since the sigma term is the central issue, let us focus our attention on the
role of the sigma term. Furthermore, for the illustrative purpose, let us consider
s-wave pion condensation rather than kaon condensation itself. To set the stage, we
first summarize the basic feature of the original treatment of meson condensation
based on a chiral effective Lagrangian. As a toy model we work with the lowest-
order ChPT expansion and discard all terms that are not of direct relevance to our
argument. Thus, we use
L1 = 1
2
[
−φ(✷+m2pi)φ+
σpiN
f 2
φ2N¯N
]
, (1)
where φ(x) and N(x) are the pion and the nucleon field, respectively, and f is the
pion decay constant; σpiN ≡ 12(mu+md)< N |u¯u+ d¯d|N > is the πN sigma term. For
L1, the π-N scattering amplitude in tree approximation is given simply by
T
(1)
piN =
σpiN
f 2
. (2)
To estimate the effective pion massm∗pi in nuclear matter, we follow a common practice
in the literature and use the mean-field approximation, N¯N ∼ ρ. Then the pion
dispersion relation reads ω2 − k2 −m2pi + ρσpiN/f 2 = 0. The effective pion mass m∗pi
is defined by m∗pi ≡ ω(k = 0), and the critical density ρc for pion condensation is
determined from the condition m∗pi = 0. For the case at hand we obtain
[m∗pi(1)]
2 = m2pi − ρ
σpiN
f 2
. (3)
and so
ρc =
m2pif
2
σpiN
. (4)
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Another approach employed by Yabu et al.13,14 is based on the PCAC an The
pion extrapolating field π(x) in this approach is taken to be
π(x) ≡ 1
m2pif
∂µA
µ(x), (5)
where Aµ(x) is the axial current. With this choice of π(x), the π-N scattering ampli-
tudes for on- and off-shell momenta of the pions are “defined” by
T
(2)
piN = i
2(m2pi − (k′)2)(m2pi − k2)
∫
d4xd4y eik
′xe−iky <N ′|Tπ(x)π(y)|N>, (6)
where k (k′) is the incoming (outgoing) pion momentum. The amplitude T
(2)
piN fulfils
the Adler condition and, at theWeinberg point, it also satisfies the well-known relation
with the sigma term. For forward scattering, the general form of TpiN that is consistent
with the low-energy theorems can be written as
T
(2)
piN =
k2 + (k′)2 −m2pi
f 2m2pi
σpiN + T
′
piN , (7)
where only the σpiN -dependent terms are explicitly shown; these terms become iden-
tical to the amplitude in eq.(2) for on-mass-shell mesons. The remaining term, T ′piN ,
contains the Born terms, the Weinberg-Tomozawa term, etc., and plays an important
role in a realistic calculation of the on-shell π-N scattering amplitude14,16−18. How-
ever, we neglect these terms here to delineate the role of the sigma term. In the mean
field approximation, m∗pi that corresponds to the π-N amplitude in eq.(7) is given by
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[m∗pi(2)]
2 = m2pi
(
1 + ρ
σpiN
m2pif
2
) (
1 + 2ρ
σpiN
m2pif
2
)−1
. (8)
Although m∗pi(1) and m
∗
pi(2) coincide with each other for sufficiently low densi-
ties, they behave very differently for large values of ρ. In particular, m∗pi(2)→ mpi/
√
2
as ρ→ ∞, a feature that makes meson condensation highly unlikely. The difference
between m∗pi of eq.(8) and m
∗
pi of eq.(3) summarizes the basic problem involved in
the existing treatments of meson condensation. In view of the well-established phe-
nomenological success of ChPT and the PCAC approach, it is very surprising that
their predictions on m∗pi , as they stand, differ so drastically. We of course know that,
by working with a chiral effective Lagrangian with gauged external source terms, it is
possible to recover the Adler condition in ChPT19. This procedure, however, amounts
to using π of eq.(6) as the pion field operator instead of the original field that ap-
pears in the effective Lagrangian. Therefore, this “reconciliation” between ChPT and
PCAC does not solve the difficulty we are encountering here.
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Now, the two amplitudes, T
(1)
piN and T
(2)
piN , although identical on the mass shell,
exhibit totally different off-mass-shell behaviors. As is well known, the off-mass-shell
values of the π-N amplitudes depend on the choice of an extrapolating field. In
the present case the difference between T
(1)
piN and T
(2)
piN reflects the two non-equivalent
extrapolating fields, φ(x) [eq.(1)] and π(x) [eq.(5)]. One might be tempted to ascribe
the variance between m∗pi(1) and m
∗
pi(2) to the different off-mass-shell behaviors of
the π-N scattering amplitudes. This interpretation, however, is not tenable for the
reason given immediately below. For a given Lagrangian L, the finite-density pion
Green function is defined by
Gρ(x;ϕ) =<ρ| Tϕ(x)ϕ(0) |ρ>, (9)
where |ρ> is the ground state (with baryon density ρ) of the system governed by L,
and ϕ(x) is an arbitrary operator for the pion field. One can use any field ϕ so long
as it connects one-pion state to vacuum, i.e., <π|ϕ(x)|0> 6= 0. The energy En of
a pionic-mode intermediate state |n> that can be connected to |ρ> via ϕ gives the
pole position of Gρ(x;ϕ). Since En is determined by L alone, it is independent of
the choice of ϕ. This means that m∗pi, which is uniquely given by the pole position
of Gρ(x;ϕ), must also be independent of ϕ. One therefore cannot attribute the
discrepancy between m∗pi(1) and m
∗
pi(2) to the off-mass-shell problem.
To obtain a better understanding of the true nature of the problem, let us
consider an effective Lagrangian L2 which, at the tree level, reproduces the first term
of the π-N scattering amplitude eq.(7) and hence leads to the effective mass eq.(8):
L2 = 1
2
[
−π(✷+m2pi)π −
σpiN
f 2
(π2 +
2
m2pi
π✷π)N¯N
]
. (10)
L2 differs from L1 by the existence of the interaction term that involves ✷π (“box
term”). In ChPT, the box terms in the pure mesonic sector can be eliminated by
redefining the meson field. Since the meson field in ChPT is nothing more than an
integration variable and has no physical meaning by itself, we need to examine to
what extent the difference between L1 and L2 can be transformed away via a meson-
field redefinition. To this end, we apply the mean field approximation, N¯N → ρ, to
eq.(10)1 and introduce a new meson field φ˜(x) defined by
π(x) =
(
1− ρ σpiN
f 2m2pi
)
φ˜(x). (11)
1This also allows us to circumvent mathematical subtleties associated with the treatment of
operator products.
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In terms of φ˜(x), the Lagrangian (10) can be recast into
L2 =
(
1− ρ σpiN
f 2m2pi
)2
1
2
[
−φ˜ (✷+m2pi)φ˜−
σpiN
f 2
(φ˜2 +
2
m2pi
φ˜✷φ˜ ) ρ
]
. (12)
Expansion in ρ gives
L2 = 1
2
[
−φ˜ (✷+m2pi)φ˜+ ρ
σpiN
f 2
φ˜2
]
+O(ρ2). (13)
The transformed Lagrangian (13) is identical to eq.(1), if the terms of O(ρ2) are
neglected, and this is consistent with the fact that m∗pi(1) = m
∗
pi(2) when we ignore
terms of O(ρ2)
At the O(ρ2) level, L1 is no longer identical to L2, and this feature is responsible
for the difference between m∗pi(1) and m
∗
pi(2). Although this statement itself is correct,
the real significance of this statement hinges upon the following crucial question: Do
the existing formalisms allow us to make a meaningful distinction between m∗pi(1) and
m∗pi(2) ? For the sake of clarity, we rephrase this question in terms of Gρ(x;ϕ), eq.(9).
For the Lagrangian L2, one may consider two Green functions, G(2)(x; π) ≡ Gρ(x;ϕ =
π) and G(2)(x; φ˜) ≡ Gρ(x;ϕ = [1− (ρσpiN/f 2m2pi)]φ˜). Although these Green functions
are not identical, their pole positions give the same effective mass m∗pi(2), eq.(8). On
the other hand, if we consider the Green function G(1)(x;φ) ≡ Gρ(x;ϕ = φ) governed
by L(1), with φ being the field appearing in eq.(1), the pole position will move to
m∗pi(1), eq.(3), reflecting a change in the basic Lagrangian
2. Now, if there is a unique
criterion to decide which effective Lagrangian, L(1) or L(2), describes reality better,
then one would know which effective mass to use, m∗pi(1) or m
∗
pi(2). So, the crucial
question is whether the formalisms so far developed allow us to decide which of L(1)
and L(2) is a better choice.
The proponent of the ChPT might assert that, to a given chiral order, L(1) is
the unique choice (modulo field transformations) and hence any other Lagrangians,
including L(2) based on PCAC, that do not give the same physics as L(1) should
be discarded. This assertion is often condensed into a statement: There is nothing
sacred about PCAC. However, the issue is more subtle15. As illustrated above, the
difference between L(1) and L(2) appears at the O(ρ2) level. However, since L(1) is
devoid of terms containing (N¯N)2 such as the π2(N¯N)2 term (which in the mean-
field approximation would give contributions of O(ρ2)), it goes beyond the accuracy
2 One could also work with G(1)(x;pi) using eq.(11), which would give the same effective mass as
G(1)(x;φ).
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of one’s starting point to discuss the difference of O(ρ2) between L(1) and L(2). If
L(1) were a fundamental Lagrangian, one might still be able to justify the absence
of terms involving (N¯N)n (n ≥ 2) in eq.(1). [For instance, the QED Lagrangian is
bilinear in fermion fields.] However, since L(1) is an effective Lagrangian, one cannot
a priori exclude from L(1) multiple-fermion terms that contain (N¯N)n (n ≥ 2). We
also note that usual ChPT tests involving single baryons place no constraints on these
“non-standard” terms. Thus, there is no compelling reason to prefer L(1) to L(2).
Meanwhile, from the current-algebra-plus-PCAC viewpoint, one might claim
that L(2) is a “natural” choice, and that L(1) is an approximate Lagrangian obtained
from L(2) by ignoring the O(ρ2) terms in eq.(13). However, this assertion is subject
to the same criticism as above, and therefore L(2) cannot be considered as a better
approximation than L(1).
These observations clearly indicate that the true understanding of the difference
between m∗pi(1) and m
∗
pi(2) requires a consistent treatment of terms of O(ρ2) in the
effective Lagrangian itself. In other words, the discrepancy between m∗pi(1) and m
∗
pi(2)
represents the effects of two (or more) -nucleon interaction terms which have not
been considered up to now. This is a new type of matter effect. Usually, matter
effects of O(ρ2) such as the Lorentz-Lorenz-Ericson-Ericson effect, the in-medium
modifications of gA, mN etc., are regarded as well-defined corrections to the linear-
density approximation. However, our argument shows that there exists a class of
matter effects which arise from higher-order density terms in the effective Lagrangian.
Although the form of these extra terms can vary for different choices of extrapolating
fields, this extrapolating-field dependence does not affect m∗pi, if no truncation is
introduced to the chiral effective Lagrangian, and if Gρ(x;ϕ) is calculated exactly.
However, when an approximation is introduced either in L or inGρ(x;ϕ), the resulting
m∗pi can become dependent on the interpolating field.
In the above we concentrated on the sigma term in the pion sector. Essentially
the same argument holds for the contribution of the sigma term in the kaon sector.
We add here a few comments on the relation of the above argument to the latest
development in the ChPT approach to kaon condensation.
The basic problems with the earlier ChPT calculations were: (i) chiral-counting
was not done consistently; (ii) the K-N scattering amplitudes did not possess a
correct energy dependence to reproduce the scattering data. Regarding problem
(i), a systematic ChPT calculation that respects chiral-order counting within the
framework of the heavy-fermion formalism has been carried out to tree order by
Brown, Lee, Rho and Thorsson10, and to one-loop order by Lee, Jung, Min and Rho11.
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As far as the ordinary chiral counting in vacuum is concerned, these calculations
are complete up to the stated chiral orders, and it is to be noted that multiple-
fermion terms do not feature in these calculations. This may seem to justify the
absence of multple-fermion terms in L(1), but we must remember that, because a
finite-density system has an additional scale parameter ρ, chiral counting here can be
significantly more complicated than in vacuum. This warning becomes particularly
important in applying ChPT to high-density matter. Thus, it is crucially important
to check whether the contributions of multiple-fermion terms are as suppressed as
the ordinary chiral counting would indicate. Until this point is clarified, there is no
good reason to ignore O(ρ2) terms in the starting Lagrangian. Even if one adopts the
working hypothesis that the ordinary chiral counting can be applied to a high-density
system, the inclusion of meson loops in a ChPT calculation must, for consistency, be
accompanied by the inclusion of at least two-nucleon terms. In this sense also, O(ρ2)
terms like π2(N¯N)2 should be retained in the Lagrangian.
Regarding (ii), Lee et al.8 considered the energy dependence coming from the
one-loop diagrams and the resonance Λ∗(1405), and were able to reproduce reasonably
well the existing data on the s-wave K-N scattering amplitude. The pronounced
energy dependence in the s-wave K¯-N (I = 0) scattering amplitude was reproduced
by adjusting the resonance parameters pertaining to Λ∗. However, the accuracy of
available experimental data is not sufficient to test the energy dependence arising
from the loop diagrams. Kaon condensation being sensitive to the energy behavior
of the K-N amplitudes from threshold (ω = mK) down towards ω = 0, an important
question is whether this subthreshold energy behavior is reproduced satisfactorily by
the one-loop corrections. In the language of the empirical low-energy expansion,
TKN = a+ b(ω
2 −m2K) +O((ω2 −m2K)2), (14)
this means that the parameters in L must reproduce not only the s-wave K-N scat-
tering length a but also the s-wave effective range b. Unfortunately, the quality of
available experimental data does not allow us to carry out this program. In the
phenomenological method of ref. 17, this difficulty is reflected in the fact that the
ΣKN had to be treated as a free parameter. Further experimental information on
low-energy K-N scattering as well as a systematic calculation that includes O(ρ2)
terms are needed to make progress in this problem.
I now move on to my second topic and discuss the non-relativistic approximation
<ψ¯ψ>∼<ψ¯γ0ψ>. Again, to highlight my main point, I will concentrate on the
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sigma term contribution. Let us recall that a term in the effective Lagrangian that
engenders the sigma term is of the form mψ¯ψ, where ψ is either the quark or baryon
field, depending on whether one is working at the quark level or at the hadronic
level, and correspondingly m is either the quark or baryon mass. Then, in the mean
field approximation, the Lorenz scalar density ρs ≡<ψ¯ψ> rather than the baryon
density ρ ≡<ψ¯γ0ψ> should measure the size of the σ term contribution in baryonic
matter. In the study of kaon condensation, however, one has always been using
the approximation ρs ∼ ρ. The relatively large nucleon mass (at least, its free-
space value) motivates this approximation. Another motivation may be that ρ is a
conserved quantity that can be specified as an external parameter whereas ρs is a
dynamical quantity whose value can be obtained only by solving the dynamics of the
system. As a caveat against this practice, however, one should be reminded that, in
the relativistic mean field theory21, the distinction between ρs and ρ plays a crucial
role.
A qualitative estimate of the consequence of distinguishing between ρs and ρ
may be obtained as follows. For a nucleon of effective mass m∗
N
and momentum k,
u¯(k)u(k) =
m∗
N
E∗(k)
u†(k)u(k) , E∗(k) ≡
√
m∗2
N
+ k2 (15)
so that using ρ instead of ρs would overestimate the contribution of the sigma term
by a factor of κ ≡<E∗(k)/m∗
N
>, where < · · ·> stands for averaging over the Fermi
sea. For m∗
N
= mN , we have κ ∼ 1.02 at ρ = ρ0 and κ ∼ 1.05 at ρ = 3ρ0, but the
effect will become much more enhanced as m∗
N
diminishes.
As a matter of fact, some of the early works on pion condensation paid due at-
tention to the relativistic effect. For example, in a classic paper by Campbell, Dashen
and Manassah20, the effective single-particle energy of a nucleon was evaluated by
applying an appropriate Foldy-Wouthuysen transformation to a relativistic effective
Hamiltonian in the presence of a background pion field. A systematic elimination of
“odd”-operators ensured the inclusion of relativistic effects to the relevant order. A
subsequent development on kaon condensation did not quite follow the example of
ref. 20. I wish to present here an exploratory study of this relativistic effect.
For the illustrative purpose, I again consider s-wave pion condensation as a
prototype of kaon condensation, and adapt Campbell et al.’s treatment20 of (p-wave)
condensation based on the linear σ model. A similar formulation is possible for kaon
condensation with the use of the “V-spin sigma model”3,12.
Our Hamiltonian, with all inessential terms dropped, is given by12
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H = 1
2
[(∇σ)2 + p2σ + (∇pi)2 + p2pi] + λ (pi2 + σ2 − f 2)2 − fm2piσ
+ ψ¯N [−iγ ·∇+ g (σ + iγ5 τ ·pi) ]ψN + η ψ¯NψN . (16)
Here pσ and ppi are the conjugate momenta, and ψN is the nucleon doublet (p, n),
and ηψ¯NψN represents a baryon-density-dependent chiral-symmetry breaking term.
The ground state of H when the baryon number is zero is characterized by <σ>= f ,
and <pi>= 0. (A slight deviation from <σ>= f due to the symmetry breaking
term −fm2piσ is ignored here.) Thus, the vacuum is a σ-condensed state. We now
assume that for a sufficiently large baryon density, the system develops a finite ground-
state expectation value for the pion. For the sake of definiteness, let us consider π0-
condensation, i.e., <π0> 6= 0. The s-wave condensation implies that we can assume
the meson condensate to be spatially uniform. In this particular case H becomes
H = −fm2piσ + λ [ (π0)2 + σ2 − f 2]2
+ ψ¯N [−iγ ·∇+ g (σ + iγ5 τ3 π0) ]ψN + η ψ¯NψN . (17)
Since the energy surface in the σ-π0 plane has a sharp minimum along the “magic”
circle: σ2+(π0)2 = f 2, we can expect that energy minimum will shift from its vacuum
position [<σ>= f , <π0>= 0] along this magic circle. We parametrize its new location
as
<π0>= f sin θ , <σ>= f cos θ. (18)
Then H becomes
H = −f 2m2pi cos θ +HN , (19)
where the nucleon part HN is
HN = ψ¯N [−iγ ·∇+ g f (cos θ + iγ5 τ3 sin θ)]ψN + ηψ¯NψN (20)
For a single nucleon in free space, one should have
HN(θ = 0) = ψ¯N [−iγ ·∇+ (gf + η)]ψN ≡ ψ¯N [−iγ ·∇+mN ]ψN , (21)
so that
gf = mN − η ≡ m˜ (22)
Then
HN = ψ¯N [−iγ ·∇+ m˜(cos θ + iγ5τ3θ)]ψN + ηψ¯NψN (23)
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To study the threshold behavior, we consider a small-amplitude case (θ ≪ 1), which
simplifies the above expression to
HN = ψ¯N [−iγ ·∇ + mN + m˜(−θ
2
2
+ iγ5 τ3 θ) ]ψN (24)
As it stands, HN involves an “odd” operator accompanied by the large mass m˜. With
an appropriate Foldy-Wouthuysen transformation HN becomes
HN = β mN + β m˜ (−θ
2
2
) +
β
2mN
(p·α+ im˜ β γ5 τ3 θ)2 , (25)
which gives the single-particle energy ǫ(p) of a plane-wave state with momentum p
as
ǫ(p) = mN + m˜ (−θ
2
2
) +
1
2mN
(p2 + m˜2θ2) (26)
The total nucleon energy EN is obtained by summing ǫ(p) up to the Fermi surface:
EN =
∫ p<pF
d3p ǫ(p) = E0 − η m˜
mN
θ2
2
ρ, (27)
where E0 represents the θ-independent contribution. Adding the meson energy part,
we obtain the total energy
E(θ) = −f 2m2pi cos θ + EN (28)
≃ −f 2m2pi (1−
θ2
2
) + η
m˜
mN
θ2
2
ρ. (29)
The critical density ρc is a density at which the coefficient of the θ
2 term becomes
positive so that θ 6= 0 gives lower energy than θ = 0; thus
ρc =
f 2m2pi
η
·mN
m˜
(30)
The result eq.(30), with η = σpiN understood, should be compared with eq.(4),
which was obtained with the use of the non-relativistic approximation <ψ¯NψN>≡
ρs → ρ. Since mN/m˜ = mN/(mN − η) > 1, eq.(30) gives a higher value of ρc. In the
case of s-wave pion condensation, η ≈ σpiN ∼ 50 MeV, so the relativistic effect is not
very important. However, in a similar calculation for the kaon sector3, η ≈ σKN ∼
500 MeV so that, even for the free-space value of mN , mN/m˜ ∼ 2, which is a sizable
effect. AsmN is reduced tom
∗
N
in medium, the effect would be even more pronounced.
In fact, the authors of ref. 3 knew these features, but they chose not to discuss
the relativistic effect because the accuracy of the Lagrangian used in ref. 3 did not
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seem to warrant that. One must be careful not to include arbitrarily some of higher
order effects. It is my observation that a subsequent remarkable development in the
treatment of higher order terms in chiral counting, due to the Stony Brook-Saclay-
Seoul group10,11, has now made it worthwhile to revisit this issue. One thing to be
emphasized here is that, although the qualitative features of the relativistic effects
may be learned from specific models (such as the above toy model and the relativisitc
mean field approach21), a quantitative answer can come only from a systematic in-
medium chiral counting. In this connection, it seems interesting to study how the
relativistic effects can be incorporated into the heavy-baryon formalism22.
To summarize, I have discussed two major problems we need to solve in order
to draw a firm conclusion on kaon condensation. Solving either of them requires a
systematic chiral-counting formalism applicable to dense many-body system. This
is a very exciting challenge because any development along this line will have many
important ramifications in addition to clarifying the particular issue of kaon conden-
sation.
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